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We provide further evidene for the nontrivial interplay between geometry and temperature in the
Casimir eet. We investigate the temperature dependene of the Casimir fore between an inlined
semi-innite plate above an innite plate in D dimensions using the worldline formalism. Whereas
the high-temperature behavior is always found to be linear in T in aordane with dimensional-
redution arguments, dierent power-law behaviors at small temperatures emerge. Unlike the ase
of innite parallel plates, whih shows the well-known TD behavior of the fore, we nd a TD−1
behavior for inlined plates, and a ∼ TD−0.3 behavior for the edge eet in the limit where the plates
beome parallel. The strongest temperature dependene ∼ TD−2 ours for the Casimir torque of
inlined plates. Numerial as well as analytial worldline results are presented.
I. INTRODUCTION
The Casimir eet [1℄ is not only a eld witnessing
rapid experimental as well as theoretial progress, it also
ontinues to oer surprising new features. The Casimir
eet derives its fasination from the fat that it origi-
nates from quantum utuations of the radiation eld or
of the harge distribution on the mesosopi or maro-
sopi test bodies. Moreover, it inspires many branhes
of physis, ranging from mathematial to applied physis,
see [2, 3℄ for reviews and [4℄ for experimental veriations.
A distintive feature of Casimir fores between test
bodies is the dependene on the geometry, i.e., the shape
and orientation of these bodies. For a omparison be-
tween theory and a real Casimir experiment, a number
of properties suh as nite ondutivity, surfae rough-
ness and nite temperature have to be taken into aount
in addition. Generially, these latter orretions do not
fatorize but take inuene on one another. For instane,
the interplay between dieletri material properties and
nite temperature [5℄ is still a subjet of intense theoret-
ial investigations and has reated a long-standing on-
troversy [6, 7, 8, 9℄. Also the role of eletrostati path
potentials has been suggested as a potentially problem-
ati issue [10, 11℄, whih has beome a matter of severe
debate [12, 13℄.
The present artile is not meant to resolve these on-
troversies. On the ontrary, our work intends to draw
attention to another highly nontrivial interplay whih
on the one hand needs to be aounted for when om-
paring theory and a real experiment and on the other
hand is another harateristi feature of the Casimir ef-
fet: the interplay between geometry and temperature.
As rst onjetured by Jae and Sardihio [14℄, the
temperature dependene of the Casimir eet an be
qualitatively dierent for dierent geometries, as both
the pure Casimir eet as well as its thermal orretions
arise from the underlying spetral properties of the u-
tuations. First analytial as well as numerial evidene
of this geothermal interplay in a perpendiular-plates
onguration has been found in [15℄ using the worldline
formalism.
The physial reason for this interplay an be under-
stood in simple terms: for the lassial parallel-plate ase,
the nontrivial part of the utuation spetrum is given
by the modes orthogonal to the plates. This relevant part
of the spetrum has a gap of wave number k
gap
= π/a,
where a is the plate separation. For small temperatures
T ≪ k
gap
, the higher-lying relevant modes an hardly
be exited, suh that their thermal ontribution to the
Casimir fore remains suppressed: the resulting fore law
for the parallel-plates ase sales like (aT )4. This argu-
ment for a suppression of thermal ontributions applies
to all geometries with a gap in the relevant part of the
spetrum (e.g. onentri ylinders or spheres, Casimir
pistons, et.). These geometries are alled losed.
1
This reason for a suppression of thermal ontributions
is learly absent for open geometries with a relevant gap-
less part of the spetrum. For these geometries, rele-
vant modes of the spetrum an always be exited at any
small temperature value. Therefore, a stronger thermal
ontribution ∼ (aT )α with 0 < α < 4 an be expeted.
As experimentally important ongurations suh as the
sphere-plate or the ylinder-plate geometry belong to this
lass of open geometries, a potentially signiant geother-
mal interplay may exist in the relevant parameter range
aT ∼ 0.01 . . . 0.1.
In the present work, we provide further evidene for
the geometry-temperature interplay in the Casimir eet.
For simpliity, we study the Casimir eet indued by a
utuating real salar eld obeying Dirihlet boundary
onditions ('Dirihlet salar'). As an illustrative exam-
ple, we onentrate on an inlined-plates onguration;
here, a semi-innite plate is loated above an innite one,
with an angle of inlination of 0 < ϕ ≤ π/2, see Fig. 1.
1
Of ourse, parallel plates as well as onentri ylinders are not
losed in the sense of ompatness. Also, they have a gapless
part of the spetrum along the symmetry axes. However, this
part of the spetrum does not give rise to the Casimir fore and
hene is not a relevant part.
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FIG. 1: Sketh of the inlined-plates onguration. The in-
nite plate (dashed line) is rotated in the x, z plane by an angle
ϕ. As speial ases, ϕ = 0 orresponds to the onguration
of one semi-innite plate parallel to an innite plate (1si on-
guration), whereas ϕ = pi/2 yields the perpendiular-plates
onguration.
This onguration generalizes geometries whih have rst
been proposed and studied in the ontext of Casimir edge
eets [16℄. Our results do not only generalize the nd-
ings of [15℄ whih hold for ϕ = π/2. Most importantly, we
identify regimes with frational temperature dependenes
for ertain geometries. Moreover, we work in D = d+ 1
dimensional spaetime, yielding many analytial as well
as numerial results for the Casimir fore and energy as
well as for the torque.
A reliable study of geothermal Casimir phenomena re-
quires a method that is apable of dealing with very
general Casimir geometries. For this, we use the world-
line approah to the Casimir eet [17℄, whih is based
on a mapping of eld-theoreti utuation averages onto
quantum-mehanial path integrals [18, 19, 20℄. For ar-
bitrary bakgrounds, this worldline integral represent-
ing the spaetime trajetories of the quantum utua-
tions an straightforwardly be omputed by Monte Carlo
methods [21℄. As the omputational algorithm is gen-
erally independent of the bakground, i.e., the Casimir
geometry in our ase, Casimir problems an straightfor-
wardly be takled with this method. High-preision om-
putations for Dirihlet-salar utuations have been per-
formed, e.g., for the sphere-plate and ylinder-plate ase
[22, 23, 24℄. In the present work, we demonstrate that
the worldline approah an also be used to obtain novel
analytial results (see also [25℄ for an analytial worldline
approximation tehnique).
In order to overome standard approximative tools
based, e.g., on the proximity-fore theorem [26℄, a va-
riety of new eld-theoretial methods for Casimir phe-
nomena have been developed in reent years, rang-
ing from improved approximation methods [27, 28, 29℄
to exat methods mainly based on sattering theory
[30, 31, 32, 33, 34, 35, 36, 37, 38℄ or a funtional inte-
gral approah [39, 40, 41℄. It will ertainly be worthwhile
to generalize these methods to nite temperature for a
study of the geometry-temperature interplay.
In the remainder of this introdution, we summarize
our most important results speializing to 3 + 1 dimen-
sional spaetime. In Set. II, we briey review the world-
line approah to the Casimir eet. Set. III is devoted
to a study of the zero-temperature Casimir eet for the
geometries under onsideration. The nite-temperature
ase is desribed in Set. IV. Our onlusions are sum-
marized in Set. V.
A. Summary of results in D = 4
Let us already summarize our most important results,
speializing to D = 4 spaetime dimensions and on-
entrating on the Casimir interation energy; the orre-
sponding fore an straightforwardly be derived by dif-
ferentiation. At zero temperature, the lassial Casimir
energy of two parallel Dirihlet plates at a distane a
reads
E
‖
c
A
= −c‖~c
a3
, c‖ =
π2
1440
≈ 0.00685, (1)
where A is the area of the plates. From now on, we use
natural units, setting ~c = 1. The Casimir energy of
inlined plates (i.p.) an be parameterized as
Ei.p.,ϕc
Ly
=− cϕ
sin(ϕ) a2
, (2)
where the oeient cϕ is shown in Fig. 4 as a funtion
of ϕ. The extent of the inlined plate in y diretion along
the edge is Ly. At ϕ = 0, the energy per edge length (2)
diverges and has to be replaed by
E1sic = E
1si,‖
c + E
1si,edge
c = −
A1sic‖
a3
− Lycedge
a2
, (3)
where E
1si,‖
c is the Casimir Energy (1) with A1si being
the semi-innite plate's area and E1si,edgec the so-alled
edge energy. The numerial value of cedge is about 0.0026
in agreement with [16℄.
The Casimir torque is obtained from Eq. (2) by
Di.p.,ϕc = dE
i.p.,ϕ
c /dϕ. For D = 4, the torque D
i.p.,ϕ
c as a
funtion of ϕ is shown in Fig. 5. At ϕ = 0, the Casimir
torque per unit length diverges as well but an be on-
verted into nite torque per unit area. Remarkably, for
ϕ = 0 the standard torque obtained from the Casimir
energy of parallel plates (1) D
‖

= ALzπ
2/960a4 ≈
0.0103ALz/a
4
is redued by a repulsive ontribution
≈ −0.003660Ly/a2 arising from the edge eet. We en-
ounter a similar subleading repulsive torque eet at
nite temperature.
Thermal utuations modify the Casimir energy, yield-
ing the free energy
Ec(T ) = Ec(0) + ∆Ec(T ), (4)
3where∆Ec(T ) is the temperature orretion. For (aT )→
0, the orretion ∆E
‖
c (aT →) to the well-known parallel-
plates energy reads
∆E
‖
c (aT → 0)
A
= −ζ(3)T
3
4π
+
π2aT 4
90
, (5)
whih is ≈ −0.0957T 3+0.110aT 4. Note that only the T 4
term ontributes to the fore as the rst term vanishes
upon dierentiation.
For (aT ) → 0, our result for the thermal orretion
∆Ei.p.,ϕc (T ) to the inlined-plates energy reads
∆Ei.p.,ϕc (aT → 0)
Ly
= − cϕ,T0T
2
24 sin(ϕ)
+
ζ(3)aT 3
4π sin(ϕ)
, (6)
where cϕ,T0 is shown in Fig. 9 as a funtion of ϕ. The
seond term whih is a purely analytial result is the
generalization of a result for perpendiular plates, ϕ =
π/2, found in [15℄; numerially, this term evaluates to
≈ 0.0957aT 3/ sin(ϕ).
Again, Eq. (6) denotes an energy per edge length and
diverges as ϕ→ 0. It has to be replaed by the formula
for the energy of a semi-innite plate above a parallel
one, E1sic (T ) = E
1si,edge
c (T ) + E
1si,‖
c (T ). The thermal
part of E
1si,‖
c (T ) is as in (5), where A is the area of the
semi-innite plate. The leading thermal orretion to the
edge eet ∆E1si,edgec (T ) reads
∆E1si,edgec (T )
Ly
= −cϕ,T0T
2
24
+ 0.063a1.74T 3.74, (7)
For (aT ) → ∞, all thermal Casimir energies inrease
linearly in T due to dimensional redution. For instane,
the Casimir energy E
‖
c (T ) for parallel plates beomes
E‖c (aT →∞) = −
Aζ(3)T
8πa2
, (8)
whih is ≈ −0.0478AT/a2. Note that E‖c (aT →∞) is in-
dependent of ~c as the dimensional analysis easily shows.
The energy at large (aT ) an therefore be interpreted as
a lassial eet.
The same holds for the large (aT ) behavior of the
inlined-plates ase as well as for semi-innite plates. For
inlined plates, we get
Ei.p.,ϕc (aT →∞) = −
Ly
√
πcϕ,T∞T
(4π)2a sin(ϕ)
, (9)
where cϕ,T∞ is shown in Fig. 9 as a funtion of ϕ.
The edge eet reads at large (aT )
E1si,edgec (aT →∞) = −
0.016LyT
a
. (10)
In main part of this artile, these results will be derived
in detail in D spaetime dimensions.
II. WORLDLINE APPROACH TO THE
CASIMIR EFFECT
Let us briey review the worldline approah to the
Casimir eet for a massless Dirihlet salar; for details,
see [17, 24℄. Consider a onguration Σ onsisting of two
rigid objets with surfaes Σ1 and Σ2. The worldline rep-
resentation of the Casimir interation energy inD = d+1
dimensional spaetime reads
Ec = − 1
2(4π)D/2
∫ ∞
0
dT
T 1+D/2
∫
ddxCM 〈ΘΣ[x(τ)]〉 . (11)
Here, the generalized step funtional obeys ΘΣ[x] = 1 if
a worldline x(τ) intersets both surfaes Σ = Σ1 ∪ Σ2,
and is zero otherwise.
The expetation value in Eq. (11) is taken with respet
to an ensemble of d-dimensional losed worldlines with
a ommon enter of mass xCM and a Gauÿian veloity
distribution,
〈. . . 〉 =
∫
x
CM
Dx . . . e− 14
R
T
0
dτ x˙2(τ)∫
x
CM
Dx e− 14
R
T
0
dτ x˙2(τ)
. (12)
Here, we have already used the fat that the time ompo-
nent anels out for stati Casimir ongurations at zero
temperature. Eq. (11) has an intuitive interpretation:
All worldlines interseting both surfaes do not satisfy
Dirihlet boundary onditions on both surfaes. They
are removed from the ensemble of allowed utuations
by the Θ funtional and thus ontribute to the negative
Casimir interation energy. In the proess of the aux-
iliary T integration, the propertime parameter T sales
the extent of a worldline by a fator of
√T . Large T
orrespond to long-wavelength or IR utuations, small
T to short-wavelength or UV utuations.
Introduing nite temperature T = 1/β by the Mat-
subara formalism is equivalent to ompatifying Eu-
lidean time on the interval [0, β]. Now, the losed world-
lines live on a ylindrial surfae and an arry a winding
number. The worldlines x
(n)(τ) winding n times around
the ylinder an be deomposed into a worldline x˜(τ)
with no winding number and a winding motion at on-
stant speed,
x
(n)
i (τ) = x˜i(τ) +
nβτ
T δiD, (13)
where the Dth omponent orresponds to Eulidean
time. The Casimir energy (11) now beomes
Ec = − 1
2(4π)D/2
(14)
×
∫ ∞
0
dT
T 1+D/2
∞∑
n=−∞
e−
n2β2
4T
∫
ddxCM 〈ΘΣ[x(τ)]〉 .
The nite-temperature worldline formalism for stati
ongurations thus boils down to a winding-number pref-
ator in front of the worldline expetation value together
4with a sum over winding numbers:
〈. . . 〉 →
(
1 + 2
∞∑
n=1
e−
n2β2
4T
)
〈. . . 〉. (15)
The winding-number sum is diretly related to the stan-
dard Matsubara sum by a Poisson resummation,(
1 + 2
∞∑
n=1
e−
n2β2
4T
)
=
√
4πT
β
∞∑
n=−∞
e−(
2pim
β )
2
T . (16)
This is already suient to understand the high-
temperature limit of generi Casimir ongurations: at
high temperatures β → 0, only the zeroth Matsubara fre-
queny survives as higher modes reeive thermal masses
of order∼ 2π/β = 2πT and deouple. All remaining tem-
perature dependene arises from the dimensional prefa-
tor 1/β = T , and the dependene on the Casimir ge-
ometry only enters the prefator. The alulation of the
latter is a dimensionally redued problem in D − 1 di-
mensions. This is a general mehanism of dimensional
redution in high-temperature eld theories. The linear
high-temperature asymptotis is also lear from the fat
that the Bose-Einstein distribution governing the distri-
bution of bosoni thermal utuations inreases as ∼ T
in the high-temperature limit.
Finally, it is advantageous for numerial as well as an-
alytial alulations to resale the worldlines suh that
the veloity distribution beomes independent of T ,
γ(t) :=
1√T x(T t) → e
− 14
R
T
0
x˙
2dτ = e−
1
4
R
1
0
γ˙
2dt, (17)
where the dot always denotes a derivative with respet to
the argument, e.g., γ˙ = dγ(t)/dt. In terms of these nor-
malized worldlines γ and the enter-of-mass oordinate
x
CM
, the Θ funtion reads more expliitly
Θ[x] ≡ Θ[x
CM
+
√
T γ(t)]. (18)
The involved worldline integrals an be evaluated also
numerially by Monte Carlo methods in a straightforward
manner. For this, the path integral over an operator O
is approximated by a sum over a nite ensemble of n
L
loops,
〈O[γ]〉 → 1
n
L
n
L∑
ℓ=1
O[γℓ], (19)
where ℓ ounts the worldlines in the ensemble. Eah
worldline γ(t) is furthermore disretized by a nite set
of N points per loop (ppl),
γ(t) → γi = γ(ti), ti = i
N
, i = 0, . . . , N, (20)
where γ0 = γN are identied as the worldlines are losed.
Various eient ab initio algorithms for generating dis-
retized worldlines with Gauÿian veloity distribution
have been developed, see, e.g., [17, 42℄.
With these omparatively simple prerequisites, we an
now turn to an analysis of various non-trivial Casimir
ongurations for the Dirihlet salar.
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FIG. 2: Dth moment of the maximum spatial extent λ of a
worldline as a funtion of D. This geometri objet (whih is
the same in any target dimension of the worldline) is related
to the Casimir energy of the parallel-plates onguration in
D spaetime dimensions by Eqs. (23) and 24. The plot om-
pares the exat analytial result with the worldline numerial
omputation based on 1000 worldlines with 2×106 ppl (points
per loop) eah.
III. CASIMIR EFFECT AT ZERO
TEMPERATURE
Let us rst study parallel and inlined plates at zero
temperature. The purpose of this setion is on the one
hand to review and generalize known results and on the
other hand to exemplify how the Casimir eet an be
understood in terms of simple geometri properties of the
worldlines.
A. Parallel Plates
We start with Casimir's lassi onguration of two in-
nitely extended parallel plates. Let the lower and upper
plate lie in the z = −a and z = 0 planes, respetively.
In d spae dimensions the surfae area A of the plates is
then d− 1 dimensional. The Θ funtional for this ong-
uration reads
Θ‖
[
zCM +
√
T γz,ℓ
]
= θ
(√
T γzmax,ℓ + zCM
)
(21)
× θ
(
−zCM −
√
T γzmin,ℓ − a
)
,
where γz,ℓ is the z oordinate of the ℓ'th worldline (mea-
sured with respet to the enter of mass). The quanti-
ties γzmax,ℓ, γzmin,ℓ denote the worldline's maximal and
minimal extent in the z diretion, respetively. The
total maximal extent λℓ of the ℓ'th worldline then is
λℓ = γzmax,ℓ − γzmin,ℓ. Now, we an do the integral in
Eq. (11) and obtain the Casimir energy density (sup-
pressing the index ℓ from now on)
E
‖
c
A
= − 〈λ
D〉
D(D − 1)(4π)D/2 aD−1 . (22)
5We observe that the D-dimensional parallel-plate
Casimir energy is related to the Dth umulant of the
extent of the worldlines [24℄. This is a rst example for a
relation between Casimir energies and geometri proper-
ties of the worldlines. Instead of omputing these umu-
lants diretly, let us simply ompare Eq. (22) with the
well-known analyti result [43, 44℄.
E
‖
c
A
= − Γ(D/2)ζ(D)
(4π)D/2 aD−1
, (23)
yielding
〈λD〉 = D(D − 1)Γ(D/2)ζ(D). (24)
A omparison of the analytial result to a numerial eval-
uation of the umulants is displayed in Fig. 2. Also, the
Casimir fore density an straightforwardly be obtained
as the derivative of Eq. (22) with respet to a. Iniden-
tally, the onnetion between Casimir energies and world-
line properties also indues a relation between Casimir
energies and questions in polymer physis, as rst ob-
served in [24℄.
B. Inlined plates
The inlined-plates (i.p.) onguration onsists of a
perfetly thin semi-innite plate above an innite plate
at an angle ϕ, see Fig. 1. The semi-innite plate has an
edge with a (d − 2 dimensional) length Ly. The innite
plate has a (d − 1) dimensional area A.2 Let a be the
minimal distane between the plates. In the following,
we will omit the enter-of-mass subsript CM. The Θ
funtional for this onguration reads
Θi.p.,ϕ =θ
(
−x cos(ϕ) − z sin(ϕ)−
√
T γxmin,ℓ(ϕ) − a
)
× θ
(
z +
√
T γzmax,ℓ
(
− x√T
))
(25)
× θ
(
−x−
√
T γxmin,ℓ
)
θ
(
x+
√
T γxmax,ℓ
)
,
where the rst θ funtion ensures the intersetion of the
worldline with the innite plate. The remaining three
ones aount for the intersetion with the semi-innite
plate. In Eq. (25), we have used
γxmin,ℓ(ϕ) ≡ min
t
(γx,ℓ(t) cos(ϕ) + γz,ℓ(t) sin(ϕ)) , (26)
where t parameterizes the worldline; i.e., in the dis-
retized version, we have t = 1 . . .N with N being the
number of points per worldline loop (ppl). Trivially,
γxmin,ℓ(0) = γxmin,ℓ and γxmin,ℓ(π/2) = γzmin,ℓ holds.
2
Of ourse, the labels semi-innite and innite imply that both
Ly and A are onsidered in the limit Ly , A→∞.
x
z
|γxmin(ϕ)|
ϕ
γm(x0)
x0
γzmax(x)
b
xCM
|γxmin| γxmax
FIG. 3: All relevant information for the evaluation of the
Casimir energy of the inlined plates, (28), is enoded in
the funtion γm(x), whih has to be integrated from γxmin
to γxmax .
In other words, γxmin,ℓ(ϕ) measures the minimal extent
of the worldline in the x diretion of a oordinate sys-
tem rotated by the angle ϕ. In Eq. (25), we also en-
ounter γz
max
,ℓ(x), denoting the x-dependent envelope of
the worldline in positive z diretion. All these geometri
properties of a worldline are displayed in Fig. 3.
The Θi.p.,ϕ funtional in Eq. (25) generalizes the ase
of perpendiular plates (⊥) for ϕ = π/2 and the ase of
one semi-innite plate parallel to a innite one (1si) for
ϕ → 0; both edge ongurations were studied in detail
in [16, 45℄.
Let us dene
γm(x) ≡ x cos(ϕ) + sin(ϕ)γzmax(x)− γxmin(ϕ). (27)
Inserting Θi.p.,ϕ for ϕ 6= 0 into Eq. (11) leads to the
Casimir energy density of the inlined plates
Ei.p.,ϕc
Ly
=− csc(ϕ)
(4π)D/2(D − 1)(D − 2) aD−2
×
〈∫ γxmax
γxmin
dx γD−1m (x)
〉
. (28)
Equation (28) is shown as a funtion of ϕ in Fig. 4 for
D = 4. For ϕ = π/2 and D = 4, we redisover the per-
pendiular plates result [16, 45℄ as a speial ase. Ini-
dentally, the integral in Eq. (28) an be done analytially
for ϕ = 0 resulting in 〈λD/D〉 = (D−1)Γ(D/2)ζ(D). To-
gether with the ϕ-dependent prefator, Eq. (28) diverges
as ϕ → 0 as it should. This is beause Eq. (28) orre-
sponds to the energy per unit edge length, whereas for
ϕ → 0 the Casimir energy beomes proportional to the
area of the semi-innite plate. We devote the whole next
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FIG. 4: Normalized Casimir energy per edge length −Ei.p.,ϕc
Ly
×
aD−2 sin(ϕ) of the inlined-plates (i.p.) onguration in D =
4 versus the angle of inlination ϕ. For ϕ = 0, this funtion
an be evaluated analytially, yielding pi2/2880 ≈ 3.427·10−3 .
We have used 20000 worldlines with 106 ppl eah.
setion to analyzing how the limit ϕ→ 0 yielding the 1si
onguration an be obtained.
C. Inlined plates, ϕ→ 0 limit
It is instrutive to study the limit of a semi-innite
plate parallel to an innite plate (1si), ϕ → 0, as it
involves a subtle limiting proess. Realling the gen-
eral onsiderations of [16, 45℄ for the 1si ase, the total
Casimir interation energy deomposes into
E1sic = E
1si,‖
c + E
1si,edge
c , (29)
where E
1si,‖
c /A is the usual Casimir energy per unit area
of two parallel plates Eq. (23), with A being now the
area of the semi innite plate. The so alled edge energy
E1si,edgec measures the ontribution that arises solely due
to the presene of the edge.
In the limit ϕ → 0, this deomposition is naturally
ahieved by inserting Θi.p.,ϕ=0 of Eq. (25) into Eq. (11)
and performing the z integral rst. This leads to
E1si,edgec
Ly
=− 1
(4π)D/2(D − 2)aD−2 (30)
×
〈∫ γxmax
γxmin
dx γzmax(x)(x − γxmin)D−2
〉
.
This representation an straightforwardly be omputed
numerially [16℄. Of ourse, for truly innite plates, the
edge eet being proportional to the length of the edge is
ompletely negligible in omparison with E
1si,‖
c , the lat-
ter being proportional to the area of the plates. However,
dealing with nite plates, the edge eet ontributes to
the Casimir fore, eetively inreasing the plate's area
[16℄.
Of ourse, the same result has to arise from the general
inlined-plates formula Eq. (28) in the limit ϕ→ 0. How-
ever, this representation naively exhibits a divergene in
this limit. To nd the origin of the divergene, we de-
ompose Eq. (28) into the parts orresponding to the
edge eet Eedge,ϕc and the semi-innite-plates energy
E
‖,ϕ
c , haraterized by the integrals
∫ 0
−γzmax(x)
. . . dz and∫ Lz/2
0
. . . dz, respetively . Here Lz/2 denotes the (in-
nite) length of the semi-innite plate in z diretion. The
result for Eedge,ϕc reads
Eedge,ϕc =−
Ly
(4π)D/2(D − 2)aD−2×
×
〈∫ γxmax
γxmin
γzmax(x)γ
D−2
m (x)dx
〉
, (31)
whih beomes Eedgec in Eq. (30) as ϕ → 0; Eq. (31) is
therefore valid for ϕ = 0.
On the other hand, if we naively expand the result for
E
‖,ϕ
c for small ϕ, we obtain
E‖c
?
=
−〈λD〉Ly
(4π)D/2(D − 2)(D − 1)DaD−2ϕ +O(ϕ), (32)
whih is only valid for ϕ 6= 0 and does not reprodue
Eq. (22) in the limit ϕ → 0. Instead of the energy per
area, we have obtained the energy per length, whih of
ourse diverges in this limit. In order to redisover the
Casimir energy for the 1si onguration, the limits ϕ→
0 and the impliit limit Lz → ∞ have to be taken in
the right order. In Eq. (32), the limit Lz → ∞ has
impliitly been performed rst, whih preisely leads to
the divergene of the energy per edge length. Therefore,
we need to rst perform the limit ϕ → 0 at nite Lz
in order to obtain the desired energy per area. Starting
from E
‖,ϕ
c at small ϕ,
E‖,ϕ→0c = −
Ly
2(4π)D/2
〈∫ ∞
0
dT
T (D+1)/2
∫ Lz/2
0
dz
×
∫ γxmax
γxmin
dxθ
(
−a+
√
T x− zϕ−
√
T γxmin
)〉
, (33)
we do the T integral rst and obtain
E‖,ϕ→0c = −
Ly〈λD〉(a2−D − (a+ Lzϕ/2)2−D)
(4π)D/2(D − 2)(D − 1)Dϕ . (34)
For small (Lzϕ), i.e., nite Lz and ϕ→ 0, we an expand
the last fator in ϕ,
E‖,ϕ→0c
∼=− Ly〈λ
D〉
(4π)D/2(D − 1)D
×
(
1
2
a1−DLz − 1
8
a−D(D − 1)L2zϕ
)
, (35)
whih for ϕ ≡ 0 orresponds exatly to the parallel-
plates ontribution E
1si,‖
c in Eq. (22). From Eq. (34), we
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FIG. 5: Normalized Casimir torque per edge length
Di.p.,ϕc
Ly
×
aD−2 of the inlined-plates onguration in D = 4 and its
expansion around ϕ = pi/2 and ϕ = 0, respetively, versus
the angle of inlination ϕ. We have used 10000 worldlines
with 106 ppl eah.
also observe that the other order of limits, taking rst
Lz → ∞ while keeping ϕ nite, reprodues the diver-
gent behavior of the energy per edge length in Eq. (32)
(as long as Re[D] > 2). The proper order of limits is
similarly important at nite temperature with the addi-
tional ompliation that another dimensionful parameter
ours.
D. Casimir torque of inlined plates
The Casimir torqueDi.p.,ϕc referring to rotations of one
of the plates about the edge axis an easily be obtained
by taking the derivative of the Casimir energy (28), (or
Eq. (34) for small ϕ), with respet to the angle of inli-
nation:
Di.p.,ϕc =
dEi.p.,ϕc
dϕ
. (36)
For ϕ near π/2, we an even set dγxmin(ϕ)/dϕ = 0 be-
fore taking the average with respet to the loop ensem-
ble, simplifying the alulations. This is, beause the
derivative dγxmin(ϕ)/dϕ hanges its sign for perpendiu-
lar plates ϕ = π/2 if the worldline is rotated by an angle
π about the normal axis of the lower plate, see Fig. 1.
Therefore, the sign orrelates with the position of the
minimum on the x axis of the lower plate. But the posi-
tion x of the minimum γxmin(ϕ) does not orrelate with
the value of the integral in Eq. (28) leading to a mutual
anellation of terms involving dγxmin(ϕ)/dϕ.
For ϕ < π/2, we have to rotate the worldline about the
normal axis of the inlined lower plate. Then, the or-
relation between the position of the minimum and the
involved integrals does not vanish any more sine the
original and rotated worldline ontribute dierently to
the integral. In general, expressions ontaining deriva-
tives of γxmin(ϕ) annot be negleted even at ϕ = π/2.
Sine the worldlines are not smooth, the onvergene of
averages of suh expressions will be very slow. This is the
ase when alulating the oeients of an expansion of
Eq. (36) near ϕ = π/2. Sine the seond derivative al-
ready appears in the rst expansion oeient, more on-
dent values are obtained by a numerial t to Eq. (36).
There, only the rst derivative is present. For D = 4, we
obtain (see Fig. 5)
D
i.p.,ϕ→π/2
c a2
Ly
≈ 0.00329
(π
2
− ϕ
)
+ 0.0038
(π
2
− ϕ
)3
.
(37)
This should be ompared to the worldline average based
on the expansion of Eq. (36) around π/2: the linear o-
eient in Eq. (37) then yields 0.003 ± 0.0002. If we ne-
glet all derivatives of γxmin(ϕ) the worldline result reads
0.00285 ± 0.00003. In all three ases 10000 worldlines
with 106 ppl were used.
For ϕ → 0, the Casimir torque diverges. The expan-
sion about ϕ = 0 an easily be obtained analytially from
(34)
Di.p.,ϕ→0c
∼= LyΓ(D/2)ζ(D)
(4π)D/2(D − 2)aD−2ϕ2 , (38)
where we have used Eq. (24). For D = 4, Eq. (38) yields
Lyπ
2/2880a2ϕ2 ≈ 0.00343Ly/a2ϕ2, being exellent ap-
proximation to Eq. (36) for ϕ not too lose to π/2.
The divergent Casimir torque per length an be on-
verted into nite torque per unit area by means of
Eq. (34). Note that Eq. (34) leads to the lassial re-
sult for the torque,
D‖,ϕ→0c =
ALzΓ(D/2)ζ(D)(D − 1)
2(4π)D/2aD
, (39)
where A and Lz denote the semi-innite plate's area and
extent in z diretion, respetively. For D = 4, Eq. (39)
beomes ALzπ
2/960a4 ≈ 0.0103ALz/a4.
A new harateristi ontribution emerges from the
edge eet Eq. (31). Unlike the total inlined-plate
Casimir energy Ei.p.,ϕc = E
‖,ϕ
c + Eedge,ϕc , the edge en-
ergy (31) dereases with the angle of inlination ϕ, see
Fig. 6. This leads to a ontribution whih works against
the standard torque (39). For D = 4, the orretion to
Eq. (39) emerging from the edge eet reads
Dedge,ϕ→0c = −(0.003660± 0.000038)
Ly
a2
, (40)
where we have used 10000 worldlines with 106 ppl eah.
The oeient in Eq. (40) was alulated by expanding
Eq. (31) around ϕ = 0. Equation (40) is shown in Fig. 6.
We will see a similar subleading repulsive torque eet in
the next setion where we investigate nite-temperature
ontributions.
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Eedge,ϕc
Ly
×
aD−2 of the inlined-plates onguration in D = 4 and its
expansion around ϕ = 0 versus the angle of inlination ϕ. We
have used 10000 worldlines with 106 ppl eah.
IV. FINITE TEMPERATURE
Deomposing the Casimir energy at nite temperature
T = 1/β into its zero-temperature part Ec(0) and nite-
temperature orretion ∆Ec(T ),
Ec(T ) = Ec(0) + ∆Ec(T ), (41)
is straightforward in the worldline piture by using the
relation (15). The nite-temperature orretion is purely
driven by the worldlines with nonzero winding num-
ber. As the winding-number sum does not take diret
inuene on the worldline averaging, the ompliated
geometry-dependent part of the alulation remains the
same for zero or nite temperature. This disentangles
the tehnial ompliations arising from geometry on the
one hand and temperature on the other hand in a onve-
nient fashion. The same statement holds for the Casimir
fore Fc(T ) = Fc(0) + ∆Fc(T ).
A. Parallel plates
In order to demonstrate the simpliity of the worldline
method, let us alulate the well-known thermal ontri-
bution to the Casimir eet for parallel plates. In the
following, we use the dimensionless parameter
ξ ≡ aT, (42)
whih distinguishes between the high-temperature ξ ≫ 1
and low-temperature ξ ≪ 1 parameter region.
Evaluating the general worldline formula for the
Casimir energy Eq. (14) using the parallel-plates Θ fun-
tional of Eq. (21) results in (D > 2)
∆E
‖
c (ξ)
E
‖
c (0)
=
Γ
(
D−1
2
)√
πζ(D − 1) (2ξ)D−1
Γ(D/2)ζ(D)
− (2ξ)D
+
〈
∞∑
n=1
λD
Γ(D/2)ζ(D)
(43)
×
[
E1−D2
(
λ2n2
4ξ2
)
− E 3
2−
D
2
(
λ2n2
4ξ2
)]〉
,
where the exponential integral funtion En(z) is given by
En (z) ≡
∫ ∞
1
e−zt
tn
dt, (44)
and λ again denotes the maximum extent of the world-
line in the diretion orthogonal to the plates. In the
low-temperature limit, 2ξ ≪
√
〈λ2〉 = π/√3, the expo-
nential integral funtions vanish exponentially and an
be negleted. We then obtain the small-temperature or-
retion to E
‖
c (0) in D dimensions fully analytially:
∆E
‖
c (ξ → 0)
E
‖
c (0)
=
Γ
(
D−1
2
)√
πζ(D − 1) (2ξ)D−1
Γ(D/2)ζ(D)
− (2ξ)D .
(45)
The term (2ξ)
D
agrees with the standard textbook result
[3℄. It dominates the thermal orretion to the Casimir
fore, yielding a omparatively suppressed power law de-
pendene on the temperature, ∆Fc(T ) ∼ TD for small T .
This is an immediate onsequene of the gap in the rele-
vant part of the utuation spetrum in this losed geom-
etry. This term an also be understood as an exluded-
volume eet: the volume in between the plates annot
be thermally populated by photons at low temperature
due to the spetral gap.
Inidentally, the leading ontribution to the energy ∼
ξD−1 is muh less known. It does not ontribute to the
Casimir fore, sine it is independent of a when multiplied
by the normalization prefator E
‖
c (0). As we will see in
setion IVB, a-independent terms in the energy should
not be viewed as mere alulational artefats but an also
ontribute to observables suh as the Casimir torque. To
the best of our knowledge, Eq. (45) represents the rst
exat analyti formula for this leading small temperature
orretion to the free energy.
The high-temperature limit of (43) an be obtained
by a Poisson resummation of the winding-number sum
(whih is idential to returning to Matsubara frequeny
spae). Our result agrees with [3℄ and reads:
∆E
‖
c (ξ →∞)
E
‖
c (0)
= −1 + 2Γ
(
D−1
2
)
ζ(D − 1)√π
Γ(D/2)ζ(D)
ξ. (46)
For arbitrary ξ and D > 2, Eq. (43) an be evaluated
numerially. Figure 7 shows the worldline result together
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FIG. 7: Parallel plates: temperature dependene of the ther-
mal ontribution to the Casimir energy ∆E
‖
c (ξ)/E
‖
c (0) nor-
malized to the zero-temperature result in D = 4-dimensional
spaetime versus the dimensionless temperature variable ξ =
aT . The worldline result for 1000 worldlines with 2 × 106
points eah is plotted together with the analyti expressions
(45)-(47).
with the analyti asymptotis (45)-(46) and the known
exat analyti formula for D = 4, see e.g. [46℄:
∆E
‖
c (ξ)
E
‖
c (0)
=
− 1 + 90ξ
π3
∞∑
n=1
coth(2nπξ) + 2nπξ sh2(2nπξ)
n3
. (47)
Note that the result obtained in [46℄ for the eletromag-
neti eld is twie as large as the result for the salar
eld (47).
Of ourse, taking the derivative of (43), (45) or (46)
with respet to a also gives immediate aess to the ther-
mal orretions ∆Fc(T ) to the Casimir fore. For in-
stane, the low-temperature limit results in
∆Fc(aT ≪ 1) = − ∂
∂a
∆E‖

∣∣∣
aT≪1
= −Γ(D/2)ζ(D)A
πD/2
TD, (48)
again revealing the power-law suppressed temperature
dependene whih is harateristi for a losed geome-
try. Both magnitude and sign of the thermal fore or-
retion an be understood as an exluded-volume eet:
as the temperature is small ompared to the spetral
gap, thermal modes in-between the plates annot be ex-
ited. Hene, the thermal Stefan-Boltzmann energy den-
sity outside the plates is not balaned by a thermal on-
tribution inside. Thermal eets therefore enhane the
attrative fore between the plates.
Let us nally remark that the omparison between the
small-temperature limit of (47) (alulated with the help
of the Poisson summation) and our analyti formula (45)
loses a gap in the literature. With this omparison,
we an nd the exat value of the integral ourring in
the prefator of the leading low-temperature term in the
energy,
∫ ∞
0
dx
1
2x4
[−2 + x(coth x+ x sh2x)] = ζ(3)
2π2
, (49)
numerially orresponding to≈ 0.060897. This result has
been observed numerially in the sum over odd reetion
ontributions to the parallel-plates Casimir energy in the
optial approah to the Casimir eet [14℄.
B. Inlined Plates
Whereas the inlined-plate geometry is muh more dif-
ult to deal with than the parallel-plate ase when using
standard methods, there is omparatively little dierene
in the worldline language. Inserting the inlined-plates Θ
funtional (25) with γm(x) as in Eq. (27) into the general
worldline formula (14) yields
Ei.p.,ϕc (ξ) = E
i.p.,ϕ
c +∆E
i.p.,ϕ
c (ξ), (50)
where
∆Ei.p.,ϕc (ξ) = −
Ly csc(ϕ)
(4π)D/2aD−2
(
(2ξ)
D−2
ζ(D − 2)Γ
(
D − 2
2
)〈∫ γxmax
γxmin
dx γm(x)
〉
− ζ(D − 1) (2ξ)D−1 Γ
(
D − 1
2
)√
π
+
〈
∞∑
n=1
∫ γxmax
γxmin
dx γD−1m (x)×
[
E 3
2−
D
2
(
γ2m(x)n
2
4ξ2
)
− E2−D2
(
γ2m(x)n
2
4ξ2
)]〉)
(51)
is the thermal ontribution to the energy. Here and in the
following, we onne ourselves to spaetime dimensions
D > 3 where all expressions exhibit well-ontrolled on-
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vergene. In the low-temperature limit, the exponential
integral funtions an be negleted as long as γm(x) 6= 0
for all x. This is ertainly the ase for ϕ 6= 0, but not
neessarily for ϕ = 0. The latter ase is again idential
to the semi-innite plate parallel to a innite one, and is
being onsidered separately in the next setion and also
in the appendix. For ϕ 6= 0, the low-temperature limit is
then given by the rst two terms (rst line) of Eq. (51).
Note that the rst ξD−2 term does not ontribute to the
Casimir fore, sine it is an a-independent ontribution
to Ec if read together with the normalization prefator.
From the seond term, we obtain the low-temperature
thermal orretion to the Casimir fore upon dierentia-
tion with respet to a,
∆F i.p.,ϕ 6=0 = −Ly csc(ϕ)
Γ
(
D−1
2
)
ζ(D − 1)
2π(D−1)/2
TD−1. (52)
The temperature dependene diers from the parallel-
plates ase by one power of T , implying a signiantly
stronger temperature dependene at small temperatures.
This is a diret onsequene of the fat that we are deal-
ing here with an open geometry. We emphasize that the
result has been obtained fully analytially. In D = 4 and
ϕ = π/2, our result agrees with the perpendiular-plates
study of [15℄ where this nontrivial interplay between tem-
perature and geometry has been demonstrated for the
rst time. As shown therein, the thermal orretion for
this open geometry at experimentally-relevant large sep-
arations an be an order of magnitude larger than for a
losed geometry.
Whereas the a-independent rst term of Eq. (51) does
not ontribute to the fore, both terms in the rst line of
Eq. (51) ontribute to the low-temperature limit of the
Casimir torque. The thermal ontribution to the torque
is
∆Di.p.,ϕc (ξ) =
d∆Ei.p.,ϕc (ξ)
dϕ
, (53)
whih at low temperature reads
∆Di.p.,ϕc (ξ → 0) = −
Ly cos(ϕ)
(4π)D/2 sin2(ϕ)
×
(
(2T )
D−2
ζ(D − 2)Γ
(
D − 2
2
)
× [〈γxmin(ϕ)λx〉 − tan(ϕ)〈γ′xmin(ϕ)λx〉]
+aζ(D − 1) (2T )D−1 Γ
(
D − 1
2
)√
π
)
, (54)
where
〈∫ γxmax
γxmin
xdx
〉
= 0 has been used, and we have
introdued λx = γxmax − γxmin. This expression de-
pends on only one nontrivial worldline average. In lim-
iting ases, this average an be given analytially, as
it redues to the ase desribed by Eq. (24): we nd
−〈γxmin(ϕ → 0)λx〉 = 〈λ2x〉/2 = π2/6 and −〈γxmin(ϕ →
π/2)λx〉 = 〈λx〉2/2 = π/2. For arbitrary ϕ, this average
an be well approximated by
〈γxmin(ϕ)λx〉 ≈ −
π
2
sin2(ϕ) − π
2
6
cos2(ϕ), (55)
as we will explain in the following. With Eq. (26), we
an write
γxmin(ϕ) ≡ γx(tˆ) cos(ϕ) + γz(tˆ) sin(ϕ), (56)
where tˆ denotes the value of t that satises the minimum
ondition in Eq. (26). Together with
γzmin(ϕ) ≡ −γx(tˆ) sin(ϕ) + γz(tˆ) cos(ϕ), (57)
we an interpret (γxmin(ϕ),γzmin(ϕ)) as the oordinates
of the point (γx(tˆ),γz(tˆ)) in the ϕ-rotated system.
Sine the γx and γz oordinates of eah loop are gen-
erated independently of eah other, γz(tˆ) and λx are not
orrelated. We therefore obtain
〈λxγxmin(ϕ)〉 = 〈λxγx(tˆ)〉 cos(ϕ) + 〈λx〉〈γz(tˆ)〉 sin(ϕ).
(58)
By symmetry, the average 〈γzmin(ϕ)〉 vanishes, and we
get from Eq. (57)
〈γx(tˆ)〉 sin(ϕ) = 〈γz(tˆ)〉 cos(ϕ). (59)
On the other hand, 〈γxmin(ϕ)〉 = −〈λx〉/2. Substituting
Eq. (59) into the average of Eq. (56) leads to 〈γz(tˆ)〉 =
− sin(ϕ)〈λx〉/2 and 〈γx(tˆ)〉 = − cos(ϕ)〈λx〉/2, suh that
the desired Eq. (55) an be motivated by Eq. (58). We
would like to stress that only the seond term in Eq. (55)
has been estimated with the onstraint imposed by the
exatly known result for ϕ→ 0, see above. The rst term
is exat and ditates the behavior of the perpendiular-
plates limit. This result is ompared to the numerially
obtained data in Fig. 8.
For the v-loop algorithm [24℄ used here to generate the
loops, the expetation value of the maximal extent λx is
systematially smaller. This error is about the average
spaing 〈|γx(ti+1)−γx(ti)|〉 ≈
√
1/2N , see Eq. (20). As a
onsequene, the systemati error of 〈λ2x〉/2 and 〈λx〉2/2
is about 〈λx〉
√
1/2N ≈ 1.3 × 10−3 at N = 106. We
observe a good agreement of the data with Eq.(55) at
ϕ = 0 and ϕ = π/2 if the systemati error is taken into
aount. However, the agreement is atually perfet for
all ϕ when using worldline estimates for the prefators in
Eq. (55) instead of π/2 and π2/6, see the modied urve
in Fig. 8. This shows that Eq. (55) will well t the data
in the ontinuum limit N →∞.
Let us return to the alulation of the Casimir torque.
In the viinity of the perpendiular-plates onguration,
ϕ = π/2−δϕ, we an now obtain an expression to rst
order in δϕ:
∆Di.p.,ϕ=π/2−δϕc (ξ → 0) = −
Lyδϕ
(4π)D/2
(2T )
D−2
×
(
− ζ(D − 2)Γ
(
D − 2
2
)[π
2
−
〈
γ′′xmin
(π
2
)
λx
〉]
+ 2 aT ζ(D − 1)Γ
(
D − 1
2
)√
π
)
. (60)
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FIG. 8: Angle dependene of the worldline average our-
ring in the Casimir torque (54): 〈γx
min
(ϕ)λx〉. The numerial
result is ompared to the estimate (55) (dashed line). The
worldline result shows a small systemati error due to the -
nite disretization. We an inlude the systemati error into
(55) by taking worldline estimates for the boundary values at
ϕ = 0 and ϕ = pi/2 (i.e. 1.567 sin2(ϕ) + 1.641 cos2(ϕ)), re-
spetively, whih are smaller than pi/2 and pi2/6. This yields
the dot-dashed urve. The worldline result has been obtained
from 5 104 loops with 106 ppl eah.
Here we have used 〈γ′xmin(π/2)λx〉 = 0. Apart from〈γ′′xmin(π/2)λx〉, Eq. (60) is an analytial expression. Us-
ing (55), we obtain −〈γ′′xmin(π/2)λx〉 ≈ π2/3−π ≈ 0.148,
whih is about ten perent of the dominating analyti-
al term in square brakets ∼ π/2. We observe that the
rst term, whih dominates in the limit aT → 0, gives a
ontribution to the torque whih drives the system away
from the perpendiular-plates ase ϕ = π/2. Zero- and
nite-temperature ontributions thus have the same sign.
The fat that ϕ = π/2 is a repulsive xed point is also in
agreement with naive expetations.
For D = 4, Eq. (60) reads
∆D
i.p.,ϕ=π/2−δϕ
c (ξ → 0)
Ly
= δϕT 2 (0.0716− 0.0957ξ) ,
(61)
whih should be ompared with the rst-order term aris-
ing from the T = 0 ontribution Eq. (37), whih reads
D
i.p.,ϕ=π/2−δϕ
c /Ly ≈ 0.00329δϕ/a2. Thus, for D = 4 we
obtain to rst order in δϕ
∆D
i.p.,ϕ=π/2−δϕ
c (ξ → 0)
D
i.p.,ϕ=π/2−δϕ
c (0)
≈ ξ2 (21.8− 29.1ξ) . (62)
In the validity regime of the low-temperature expansion,
ξ = aT ≪ 1, the positive rst term is always dominant,
hene perpendiular-plates ase remains a repulsive xed
point. Most importantly, we would like to stress that the
quadrati dependene of the torque on the temperature
∼ T 2 (∼ TD−2 in the general ase) for the inlined-plates
onguration represents the strongest temperature de-
pendene of all observables disussed in this artile.
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FIG. 9: Integrals appearing in Eqs. (51) and (63) for
D = 4. We have dened cϕ,T0 ≡
DR γxmax
γxmin
dx γm(x)
E
and
cϕ,T∞ ≡
DR γxmax
γxmin
dx γ2m(x)
E
; see also Eqs. (6), (7) and (9).
Employing Eq. (24), we an evaluate cϕ=0,T0 = ζ(2) ≈ 1.645
and cϕ=0,T∞ =
√
piζ(3) ≈ 2.131 analytially. We have used
104 worldlines with 106 ppl eah.
The high-temperature limit of Eq. (51) an again be
obtained by Poisson summation. The result is:
∆Ei.p.,ϕc (ξ →∞) = −Ei.p.,ϕc (0)
−
Ly2
√
π
〈∫ γxmax
γxmin
γD−2m (x)dx
〉
(4π)D/2aD−2(D − 3)(D − 2) sin(ϕ)ξ.
(63)
The remaining worldline average in this expression yields
some positive nite number. Irrespetive of its preise
value for a given angle ϕ and D (the preise value of the
integral for a spei ϕ an be read o, for instane, from
Fig. 9 for either D = 3 or D = 4 and Fig. 4 for D = 5),
we stress that we observe the same linear dependene on
temperature ξ = aT as in the parallel plate ase. This is
nothing but the familiar phenomenon of the dominane
of the zeroth Matsubara mode at high temperatures, im-
plying dimensional redution, as disussed above. This
mehanism is obviously geometry independent. Also the
Casimir fore remains attrative also for high tempera-
tures.
C. Semi-innite plate parallel to an innite plate
A partiularly interesting example for the geometry-
temperature interplay is given by the semi-innite plate
parallel to the innite plate (1si onguration). In this
ase, the angle of inlination ϕ in Fig. 29 is zero. Analo-
gously to Eq. (29), the nite-temperature Casimir energy
an be deomposed as
E1sic (ξ) = E
1si,edge
c (ξ) + E
1si,‖
c (ξ), (64)
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where E
1si,‖
c (T ) = E
1si,‖
c (0) + ∆E
1si,‖
c (T ) orrespond to
the standard parallel-plate formulas as given in Eqs. (23)
and (43), with A being now the surfae of the semi-
innite plate. Approahing the 1si limit of ∆E
1si,‖
c (T )
from the inlined-plates onguration in the limit ϕ→ 0
is again a deliate issue, as the proper order of lim-
its ϕ → 0 and Lz → ∞ has to be aounted for, see
Set. III C. As the analysis is tehnially involved (but
the outome obvious), we defer it to the appendix. Let
us here onentrate on the temperature-dependent edge
ontribution ∆E1si,edgec (T ) = E
1si,edge
c (T ) − E1si,edgec (0).
We set ϕ = 0 in Eq. (25) and evaluate Eq. (14). The
result is (here and in the following, we onne ourselves
to D > 3):
∆E1si,edgec (ξ) = −
Ly
(4π)D/2aD−2
[
(2ξ)
D−2
ζ(D − 2)Γ
(
D − 2
2
)〈∫ γxmax
γxmin
dx γzmax(x)
〉
−
∞∑
n=1
〈∫ γxmax
γxmin
dx (x− γxmin)D−2γzmax(x)E2−D2
(
(x− γxmin)2n2
4ξ2
)〉]
. (65)
Note that the rst term, being the main ontribution to
the Casimir energy at small T , does not ontribute to
the Casimir fore sine it is a independent. Contrary to
the ase with ϕ 6= 0, the exponential integral funtions
annot be negleted in the low-temperature limit, sine
the argument of En(z) beomes zero at the lower bound
of the integral for any ξ > 0. This results in a orretion
∼ ξD−1+α, with α > 0, to the low-temperature limit of
the rst term.
Here, however, we onentrate on the last term, as it
gives rise to the thermal orretion of the Casimir fore.
In the low-temperature limit, we nd
−∆F 1si,edgec (ξ) =
2Ly
(4π)D/2aD−1
(66)
∞∑
n=1
〈∫ λx
0
dx xD−2γzmax(γxmin + x) exp
(
−x
2n2
4ξ2
)〉
.
For small ξ, the main ontribution to the integral omes
from its lower bound as the exponential funtion rapidly
dereases for large argument. At the lower bound, we
an take the worldline average 〈γzmax(γxmin + x)〉 rst,
yielding a smooth funtion. We expand the latter in a
power series,
〈γzmax(γxmin + x)〉 =
∞∑
n=0
cnx
αn , (67)
where the exponents αn do not neessarily have to be
integers. Inserting (67) into (66) leads to
−∆F 1si,edgec (ξ → 0) =
Ly
(4π)D/2aD−1
(68)
×
∞∑
n=0
cn (2ξ)
D+αn−1 Γ
(
D + αn − 1
2
)
ζ(D + αn − 1),
where we have negleted exponentially suppressed on-
tributions. For the lowest-order term, we obtain
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FIG. 10: Numerial result of the worldline average
〈γzmax(γxmin + x)〉 obtained by 5 104 worldlines with 106
points eah ompared to the t funtion of Eq. (69) obtained
on the interval x = [0, 0.7]. The error bars have been plot-
ted ten times larger. The observed small-x power law xα1
with α1 ≃ 0.74 diretly translates into a non-integer small-
temperature behavior of the thermal edge ontribution to the
fore, ∆F 1si,edge

∼ TD−1+α1 .
〈γzmax(γxmin)〉 ≡ c0 = 0, sine for a given worldline
(γx(t),γz(t)) there exists a orresponding worldline in
the ensemble with (γx(t),−γz(t)). We onlude that the
oeient of the TD−1 term vanishes. We determine the
higher oeients cn from omputing 〈γzmax(γxmin + x)〉
in the viinity of x = 0 by worldline numeris. Figure
10 depits the form of 〈γzmax(γxmin + x)〉 near the lower
bound x = 0. A global t to this funtion inluding two
oeients c1, c2 is given by
〈γzmax(γxmin + x)〉 ≈ 0.9132 (x(1.500− x))0.7423
≈ 1.234x0.7423 − 0.6106x1.7423, (69)
where we have kept α2 − α1 = 1 xed. The resulting
thermal orretion to the fore is shown in Fig. (11)
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FIG. 11: Thermal ontribution to the Casimir edge fore
in the 1si onguration, −∆F 1si,edgec (ξ), plotted for a = 1
and D = 4. WL: worldline result Eq. (66) obtained us-
ing 1000 loops with 106 ppl eah. LT1, LT2: leading and
next-to-leading low-temperature orretions 0.1098ξ3.7423 and
0.1098ξ3.7423 − 0.131881ξ4.7423 , respetively, obtained from
Eqs. (68) and (69), using 5 × 104 loops 106 ppl eah. HT:
high temperature limit obtained from Eq. (70), using 5× 104
loops 106 ppl eah; a t to the HT urve is provided by
−5.24062(±0.0222)10−3 +1.591(±0.004138)10−2ξ. The inlay
displays a magnied interval ξ = [0, 0.2].
for D = 4, where we ompare the full numerial solu-
tion with dierent orders of the expansion (69) and the
high-temperature asymptotis, see below. As the low-
temperature asymptotis is diretly related to the lowest
nonvanishing oeient α1, we have also performed lo-
al ts to the funtion 〈γzmax(γxmin + x)〉 in the viinity
of x = 0. Depending on the t window, the leading ex-
ponent an grow up to α1 ≈ 0.8. (Of ourse, the t
window must be large enough to avoid that the worldline
disretization beomes visible; otherwise, the exponent
trivially but artiially approahes α1 → 1 as the dis-
retized worldline is a polygon on a mirosopi sale).
In any ase, we onlude that the low-temperature
regime of the 1si edge eet is well desribed by a non-
integer power law, ∆F 1si,edge

∼ TD−1+α1 ≃ TD−0.3,
where the frational exponent arises from the geometry-
temperature interplay in this open geometry. Of ourse,
our numerial analysis annot guarantee to yield the true
asymptoti behavior in the limit ξ → 0, but our data
in the low-temperature domain 0.01 . ξ . 0.4 is well
desribed by the non-integer saling at next-to-leading
order.
Let us nally turn to the high-temperature limit of
Eq. (65) whih an again be obtained by Poisson sum-
mation. The result for the edge energy reads
∆E1si,edgec (ξ →∞) = −E1si,edgec (0) (70)
−
2
√
πLy
〈∫ λx
0
dx xD−3γzmax(x+ γxmin)
〉
(4π)D/2aD−2(D − 3) ξ,
where the worldline average is subjet to numerial eval-
uation. The resulting high-temperature limit of the
Casimir fore is shown in Fig. (70) for D = 4. The
high-temperature limit is again linear in T in aordane
with general dimensional-redution arguments.
V. CONCLUSIONS
In this work, we have provided further numerial as
well as analytial evidene for the nontrivial interplay
between geometry and temperature in the Casimir ef-
fet. Whereas losed geometries suh as the parallel-
plates ase exhibit a omparatively strong suppression
of thermal orretions at low temperatures, open geome-
tries suh as the general inlined-plates geometry reveal a
more pronouned temperature dependene in this regime.
The terminology open and losed orresponds to the ab-
sene or presene of a gap in the relevant part of the
spetrum of utuations whih gives rise to the Casimir
eet. In losed geometries, the spetral gap inhibits siz-
able utuations at temperatures below the sale set by
the gap. By ontrast, open geometries allow for sizable
thermal utuations at any value of the temperature.
Conentrating on the inlined-plates geometry in D
dimensions, the temperature dependene of the Casimir
fore an beome stronger by one power in the tempera-
ture parameter (implying thermal orretions whih an
be an order of magnitude larger than for a losed geom-
etry). The inlined-plates geometry is partiularly inter-
esting as the limit of a semi-innite plate parallel to an
innite plate (1si onguration) is somewhat in-between
open and losed geometries: the open part of the spe-
trum only arises due to the edge of the semi-innite plate.
Interestingly, the resulting thermal orretion numeri-
ally shows a power-law temperature dependene with
a non-integer exponent ∼ TD−0.3.
The strongest temperature dependene ∼ TD−2 in the
low-temperature limit ours for the Casimir torque of
the inlined-plates onguration. This is, beause it
arises from the leading thermal orretion of the inter-
ation energy whih ontributes to the torque but not to
the Casimir fore.
Our results have been derived for the ase of a utu-
ating salar eld obeying Dirihlet boundary onditions
on the surfaes. Whereas this model system should not
be onsidered as a quantitatively appropriate model for
the real eletromagneti Casimir eet, our general on-
lusions about the geometry-temperature interplay are
not restrited to the Dirihlet salar ase. On the on-
trary, all our arguments based on the presene or ab-
sene of a spetral gap will also be valid for the ele-
tromagneti ase. Whether or not the ase of Neumann
or eletromagneti boundary onditions leads to dierent
power-law exponents for the temperature dependene of
the geothermal phenomena remains an interesting ques-
tion for future researh.
In view of the fat that most (stritly speaking all)
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experiments are performed in open geometries, e.g., the
sphere-plate geometry, at room temperature, an analysis
of the geometry-temperature interplay of these experi-
mentally relevant ongurations is most pressing.
APPENDIX A: INCLINED PLATES, ϕ→ 0 LIMIT
AT FINITE TEMPERATURE
We have analyzed the ϕ→ 0 behavior of inlined plates
at zero temperature in Set. III C. Here, we onsider the
same limit for the thermal orretion to the energy. The
deomposition of the 1si Casimir energy into bulk and
edge ontributions an also be performed for the thermal
orretions,
∆E1si,ϕc (ξ) = ∆E
edge,ϕ
c (ξ) + ∆E
‖,ϕ
c (ξ),
where
∆E‖,ϕc (ξ) =−
Ly csc(ϕ)
(4π)D/2aD−2
〈[
−Γ
(
D − 2
2
)
ζ(D − 2)(2ξ)D−2λxγxmin(ϕ)− ζ(D − 1)Γ
(
D − 1
2
)
(2ξ)D−1
√
π
−
∞∑
n=1
∫
γxmax
γxmin
dx
{
γ
D−2
m (x)E2−D2
(
n2γ2m(x)
4ξ2
)
(x cos(ϕ)− γxmin(ϕ))− γD−1m (x)E 3−D
2
(
n2γ2m(x)
4ξ2
)}]〉
,
(A1)
with γm(x) = x cos(ϕ) + sin(ϕ)γzmax(x)− γxmin(ϕ) and
∆Eedge,ϕc (ξ) = −
Ly
(4π)D/2aD−2
[
Γ
(
D − 2
2
)
ζ(D − 2)(2ξ)D−2
〈∫
γxmax
γxmin
dxγzmax(x)
〉
−
∞∑
n=1
〈∫
γxmax
γxmin
dxγD−2m (x)E2−D2
(
n2γ2m(x)
4ξ2
)
γzmax(x)
〉]
. (A2)
Whereas ∆Eedge,ϕc (ξ) remains nite, ∆E
‖,ϕ
c (ξ) shows a
divergent behavior as ϕ → 0. Let us therefore onen-
trate on ∆E
‖,ϕ
c (ξ), in order to isolate the soure of the
apparent divergene whih is related to the order of lim-
its of Lz →∞ and ϕ→ 0. In the ase of inlined plates,
(Lzϕ) is innite for all ϕ 6= 0, resulting in a 1/ϕ divergent
energy density (energy per length) for ϕ → 0. Parallel
plates, on the other hand have a nite energy density
(energy per area) and (Lzϕ) = 0.
In the following, we show how to obtain an analyti
transition from (Lzϕ) → ∞ to (Lzϕ) → 0 for small ϕ
by working with large but nite Lz, and taking Lz →∞
at the end of the alulation. The rst limit results in
a divergent energy density per unit edge length of the
inlined plates as ϕ→ 0,
∆E‖,ϕ→0c (ξ) = −
Ly
2aD−2ϕ(4π)D/2
[
〈λ2〉Γ
(
D − 2
2
)
ζ(D − 2)(2ξ)D−2 − 2(2ξ)D−1ζ(D − 1)Γ
(
D − 1
2
)√
π (A3)
+ Γ
(
D
2
)
ζ(D)(2ξ)D −
〈
λD
∞∑
n=1
(
E1−D
2
(
λ2n2
4ξ2
)
+ E2−D
2
(
λ2n2
4ξ2
)
− 2E 3
2
−D
2
(
λ2n2
4ξ2
))〉]
+O (1) .
The seond limit orresponds to the nite energy density
of exat parallel plates (43).
In Eqs. (A1-A3), the z integration was performed rst.
Let us now do the proper time integration rst. The θ
funtion (33), valid for small ϕ, reets itself in the lower
end of the proper time integral:
∆E‖,ϕ→0c (a, β) = −
Ly
(4π)D/2
〈
∞∑
n=1
×
∫ ∞
1
exp
(
− β2x2n24T (a+zϕ)2
)
dT
T D+12
×
∫ Lz/2
0
dz
(a+ zϕ)D−1
∫ λx
0
xD−1dx
]〉
. (A4)
15
-0.04
-0.03
-0.02
-0.01
0
0.01
0 2 4 6 8 10
pi
2
∆
E
‖
,ϕ
c
/A
φ
Eq. (A6)
small φ limit of Eq. (A6)
large φ limit of Eq. (A6)
FIG. 12: Qualitative behavior of the thermal Casimir on-
tribution of the bulk in the inlined-plates ase Eq. (A7)
(red line) and its small-φ (dashed blue line) and large-φ
(dot-dashed magenta line) limit, respetively. Note the di-
vergent 1/φ behavior of the large-φ limit whih orresponds
to the divergent (as ϕ → 0) energy per edge length in the
inlined-plates formulas. For this illustration, we have hosen
D = 4, a = β = λx = 1, ignoring the worldline average in
Eq. (A7) for simpliity.
The proper time integration yields for Re[D] > 1:
∫ ∞
1
exp
(
− β2x2n24T (a+zϕ)2
)
dT
T D+12
= (A5)
(
2(a+ zϕ)
xnβ
)D−1
Γ
(
D − 1
2
)
− E 3−D
2
(
x2β2n2
4(a+ zϕ)2
)
.
Inserting Eq. (A5) into Eq. (A4) leads to
π
D
2 ∆E
‖,ϕ→0
c (a, β)
A
=
∞∑
n=1
〈
a2
(
Γ
(
D
2 ,
λ2xn
2β2
4a2
)
− Γ
(
D
2 ,
λ2xn
2β2
(2a+φ)2
))
φ(nβ)D
+
λ2x
(
Γ
(
D−2
2 ,
λ2xn
2β2
4a2
)
− Γ
(
D−2
2 ,
λ2xn
2β2
(2a+φ)2
))
4φ(nβ)D−2
−
aλx
(
Γ
(
D−1
2 ,
λ2xn
2β2
4a2
)
− Γ
(
D−1
2 ,
λ2xn
2β2
(2a+φ)2
))
φ(nβ)D−1
+
φ
(
Γ
(
D
2
)− Γ(D2 , λ2xn2β2(2a+φ)2))
4(nβ)D
+
λxΓ
(
D−1
2 ,
λ2xn
2β2
(2a+φ)2
)
2(nβ)D−1
−
aΓ
(
D
2 ,
L2n2β2
(2a+φ)2
)
(nβ)D
〉
−
√
πΓ
(
D−1
2
)
ζ(D − 1)
2βD−1
+
aΓ
(
D
2
)
ζ(D)
βD
, (A6)
where φ ≡ Lzϕ and A = LyLz/2. One an show that
the rst three terms of Eq. (A6) are of order O(φ2).
The forth term is learly O(φ). The last line an be
onverted into the parallel-plates energy density (43) by
negleting φ with respet to a and using the identity
zαE1−α(z) = Γ(α, z); the error is of order O(φ2). The
rst-order orretion to the parallel-plates ase is there-
fore enoded in the fourth term. The seond-order or-
retion is in the rst three terms sine the φ2 terms anel
eah other in the remainder. In this limit (|φ| ≪ 1), all
sums onverge for Re[D] > 2.
Let us rearrange (A6) so as to investigate the φ → ∞
ase with ϕ being small but nite:
16
π
D
2 ∆E
‖,ϕ
c (a, β)
A
=
∞∑
n=1
〈
(4a+ φ)
(
Γ
(
D
2
)− Γ(D2 , λ2xn2β2(2a+φ)2))
4(nβ)D
+
λx
(
Γ
(
D−1
2 ,
λ2xn
2β2
(2a+φ)2
)
− Γ (D−12 ))
2(nβ)D−1
−
λ2xΓ
(
D−2
2 ,
λ2xn
2β2
(2a+φ)2
)
4φ(nβ)D−2
+
aλxΓ
(
D−1
2 ,
λ2xn
2β2
(2a+φ)2
)
φ(nβ)D−1
−
a2Γ
(
D
2 ,
λ2xn
2β2
(2a+φ)2
)
φ(nβ)D
+
λ2xΓ
(
D−2
2 ,
λ2xn
2β2
4a2
)
4φ(nβ)D−2
−
aλxΓ
(
D−1
2 ,
λ2xn
2β2
4a2
)
φ(nβ)D−1
+
a2Γ
(
D
2 ,
λ2xn
2β2
4a2
)
φ(nβ)D
〉
. (A7)
The large-φ behavior of the rst two terms an be ob-
tained through Poisson summation
3
and reads
(4a+ φ)(c1 + c2(2a+ φ))
(2a+ φ)D
+
(c3 + c4(2a+ φ))
(2a+ φ)D−1
, (A8)
where c1, . . . , c4 are onstants, the values of whih are
of no importane. We see that Eq. (A8) vanishes for
D > 2. For D > 3 the terms vanish even if multiplied
by the innite length Lz. Remember that the inlined-
plates formulae at nite temperature are valid for D > 3
as well.
In order to keep the remaining terms of Eq. (A7) nite,
we multiply both sides with the innite length Lz on-
verting the vanishing Casimir energy per area into the
nite energy per length. The Poisson summation of the
seond line of Eq. (A7) results in
lim
φ→∞
∞∑
n=1

−λ2xΓ
(
D−2
2 ,
λ2xn
2β2
(2a+φ)2
)
4ϕ(nβ)D−2
+
aλxΓ
(
D−1
2 ,
λ2xn
2β2
(2a+φ)2
)
ϕ(nβ)D−1
−
a2Γ
(
D
2 ,
λ2xn
2β2
(2a+φ)2
)
ϕ(nβ)D

 = −λ2xΓ
(
D−2
2
)
ζ(D − 2)
4ϕβD−2
+
aλxΓ
(
D−1
2
)
ζ(D − 1)
ϕβD−1
− a
2Γ
(
D
2
)
ζ(D)
ϕβD
+
d1 + d2(2a+ φ)
ϕ(2a+ φ)D−2
+
d3 + d4(2a+ φ)
ϕ(2a+ φ)D−1
+
d5 + d6(2a+ φ)
ϕ(2a+ φ)D
, (A9)
where d1, . . . , d6 are onstants. These terms ontain-
ing di's vanish for D > 3 and φ → ∞. Applying the
identity zaE1−a(z) = Γ(a, z) to the last three terms in
Eq. (A7), we redisover the inlined-plates formula (A3)
from Eqs. (A7), (A9) valid for small angles ϕ. From
Eqs. (A8) and (A9), one an infer that the rst orre-
tion to Eq. (A3) is of order O(1/φD−3).
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